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Nonlinear elastodynamics wave propagation in compressible hyperelastic materials in the case in which the effects due
Approximate solutions to powerless internal forces are not negligible. We show that powerless internal forces affect

the wave propagation in compressible hyperelastic solids by contributing to nonlinear wave
dispersion and allowing the propagation of traveling waves.

1. Introduction

Nonlinear elastostatics is a mathematically elegant and rigorous continuum theory that has been used in a number of real world
applications, providing predictions in good accordance with experimental evidences. On the contrary, its dynamic counterpart is
a complex and discussed theory. This is mainly due to the fact that in modeling the dynamic response of real bodies dispersive
and/or dissipative effects cannot be neglected. Obviously, including dispersion and/or dissipation in the modeling of the mechanical
response of materials makes the mathematical structure of the equations governing the motion quite intricate.

Despite the complexity of the equations of nonlinear elastodynamics, several aspects of wave propagation in dispersive solids
have been investigated since the second half of the past century. Reporting a complete list of the works that address this topic
represents a hard task and goes beyond the scope of this paper. Here, we limit to quote two classical reference sources (Achenbach,
2012; Graff, 2012) in which several aspects of wave propagation in solids are thoroughly studied.

In the last two decades, by using the model for material dispersion proposed by Rubin, Rosenau, and Gottlieb (1995), Saccomandi
and co-workers (Destrade & Saccomandi, 2006, 2008; Saccomandi & Vergori, 2023) showed that coherent structures such as periodic
or solitary waves, or pulse waves with compact support can propagate in a dispersive hyperelastic solid. Recently, based on the results
of Edelen (Edelen, 1973, 1974, 1977) on the form of the constitutive relations consistent with the second law of thermodynamics,
Saccomandi and his research group (Amendola, de Castro Motta, Saccomandi, & Vergori, 2024; Saccomandi & Vergori, 2024) have
introduced constitutive models for the Cauchy stress tensor that account for material dispersion in both isotropic and anisotropic
materials. In particular, a very general model for the Cauchy stress tensor of isotropic dispersive hyperelastic materials has been
introduced within the theory of simple material of second grade (Truesdell & Noll, 2004). Assuming that dissipative effects are
negligible, the model proposed in Saccomandi and Vergori (2024) consists in the sum of a purely elastic and a dispersive parts, with
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the latter resulting, in turn, in the sum of two contributions: one deriving from a potential and the other accounting for powerless
internal forces.

In Saccomandi and Vergori (2024) the theory developed for slightly dispersive quasi-incompressible hyperelastic materials has
been used for determining kink and solitary waves propagating in shape memory alloys, but a deeper analysis of the contributions
to the wave propagation due to the powerless internal forces has not been carried out. In this manuscript, we aim at providing a
more detailed study of the powerless part of the Cauchy stress tensor under the assumption that the dispersive part of the stress
tensor associated with a potential introduced in Saccomandi and Vergori (2024) can be neglected. Specifically, we shall prove that
the contributions due to powerless internal forces manifests only at large enough strain rates and, in conjunction with nonlinearity,
cause wave dispersion, and allow the propagation of traveling wave. For these reasons, it is appropriate to refer to the powerless
contribution to the stress tensor as powerless dispersive stress tensor.

The plan of the paper is as follows. In Section 2 we recall the basic equations and notions in nonlinear elasticity, and introduce
a very general model for the Cauchy stress tensor that accounts for the contributions due to powerless internal forces within the
theory of simple materials of the second grade. In Sections 3 and 4 we determine the approximation of this model valid at small but
finite strains, strain rates and rates of change of the strain rates. We then derive the governing equations in the one dimensional case
(Section 5), and prove the existence of global (in time and space) solutions of the wave equations of the Carroll type (Section 6).
In Sections 7 and 8 we study, respectively, the interaction between transverse and longitudinal waves and discuss the existence of
traveling wave solutions within the fourth-order theory of elasticity. Specifically, considering the model for the strain energy function
of carbon black-reinforced natural rubber proposed in Cantournet, Layouni, Laiarinandrasana, and Piques (2014), we prove the
transverse and longitudinal periodic waves propagate with the same wavelength. We finally conclude with some remarks (Section 9).

2. Basic equations

Let B be a body, namely a set whose elements (called particles) are in one-to-one correspondence with a region 2 of the three-
dimensional Euclidean point space £. 4 is referred to as a configuration of B. Since the body B occupies different configurations
at different times, to study the evolution in time of the positions of the particles of B it is convenient to introduce a reference
configuration %, and identify the particles of 3 with the position vectors (relative to an origin O € &) of the points of %,. In
other words, we identify a particle P € B with the position vector X = Xi + Yj + Zk of the point (X,Y,Z) € %, in one-to-one
correspondence with P. The choice of the reference configuration is completely arbitrary. Here, for convenience of presentation,
we choose &, as the configuration occupied by B at the initial time = 0. With this choice, we define a motion of B in the time
interval [0,T) as a mapping y : %, x[0,T) — &€ such that, for any ¢t € (0,T), x, = x(-.1) is one-to-one and x = y(X,1) = xi + yj + zk
is the position vector (relative to the same origin O) of the particle P at time ¢ > 0. The configuration of the body at time ¢,
B, = x(B,) = x(%,,1), is the current configuration.

The vector function

u=x-X=yxyX,n-X (€D)]
is the displacement field, and the second-order tensors
H=9% and F=2% (&3]
0X X

are the displacement and deformation gradients. From (1) and (2) it is easy to deduce that the displacement and deformation
gradients are related through the identity F = I + H. In terms of F, the right and left Cauchy—-Green deformation tensors C and B,
and the Green-Lagrange strain tensor read

C=F'F, B=FF"' and E=%(C—I)=I~5+%HTH, 3)
where E = (H + HT)/2 is the infinitesimal strain tensor.
The left and right Cauchy—Green deformation tensors satisfy the same characteristic equation as their principal scalar invariants
coincide, namely

I, =uC=1trB, (4a)
_1 2_ 2y _ 1 2 _ 2

L=3 [(trC)* —tr(C?)] = 5 [(trB)* — tr(B?)] (4b)

I; = det C = det B = (det F)> = J?, (40)

whence C and B have the same spectrum, with their eigenvalues being the square of the principal stretches.
The principal scalar invariants (4) are related to the invariants J, = tr(E") (n = 1,2,3) of the Green-Lagrange strain tensor
through the identities

I} =20, +3, I,=2J2 -2, +4J,+3, (52)
and
I = §J3—4J,J2+%Jl3+2J12—2J2+ZJ, +1. (5b)
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Any scalar, vector, or tensor field @ associated with the kinematics of the body 5 can be expressed both as a function of particles
X and time 7 and in terms of positions x and time ¢. In the former case, @ has domain %, x [0,T) and is called a material field; in
the latter, @ is a spatial field with domain %, x [0,T). Given a material field &, the spatial description @&, of @ is defined as

@, : (x,1) € B, x[0,T) = Dy (x),1). (6)
Analogously, the material description of =, of a spatial field = is given by
Z, 1 (X, € B, x[0,T) = Z(x,(x),1). )

Denoted by p, = py(X) and p = j(x,r) the mass densities in the reference and current configurations, respectively, from the
conservation of mass and the change of variables (7) it follows that

Po = Pmd- 8

In what follows, for simplicity, we assume that the reference mass density is constant, i.e., the body is homogeneous in the reference
configuration.
Introduced the spatial description of the velocity field

v:(x1)€B X[0,T]+— 'Z—’t‘(x;l(x),z), 9)

it can be proven that the velocity gradient L = dv/ox is related to the deformation gradient and its rate of change through the
relation

L,=FF, (10)

where, henceforth, the superposed dot and, when necessary to avoid confusion, the differential operator D/Dt denote the material
time derivative.

Also the rate of change of the determinant of the deformation gradient J (and, obviously, the rate of change of the volume strain
J —1) is related to the velocity gradient. Indeed, from (10) it can be proven that

J=Ju(FF") = JtrL, = J(divp),,. 11)

The symmetric part of the velocity gradient D = (L + LT)/2 represents the strain-rate tensor, and the skew-symmetric part
W = (L - L")/2 is the spin tensor. As it is well known, the strain-rate tensor is objective, whereas the body spin is not an objective
tensor field (Ogden, 1984).

Given n € N, we define the nth Rivlin-Ericksen A, tensor as follows

_ p-TD"C 4
A= FTEF 12

It is easy to check that

A =L,+LT=2D,, (13a)
and, for any n € N — {1}, the (n + 1)th Rivlin-Ericksen tensor can be computed through the recursive formula

Ayt =1°4n +D,A,+A,D,, (13b)

where the superposed circle denotes the co-rotational time derivative (Saccomandi & Vergori, 2024). From (13a) and (13b) one
deduces that the Rivlin-Ericksen tensors (12) are objective.

In the next sections, we consider simple materials of differential type and, specifically, introduce constitutive relations for the
stress tensor that depend only on the first two Rivlin-Ericksen tensors. From (13a) and (13b) it is easy to deduce that these two
tensors are related through

Ay =A, +A%, a4
which combined with (11) yields the identities
D 2
trd, = E(ln J)+trA] (15a)
and
Ay A = tr(ArAp) = 2 2 (i A2) + ra? (15b)
2 A= 240 = 5 5; 1 I

Assuming valid Cauchy’s postulate on the internal actions in a continuum, introducing the spatial description of the acceleration
field

02}(
a:(x)eB x0T =2 x).0, (16)
o2 !
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and denoting T the Cauchy stress tensor, in the absence of body forces the equations of balance of linear and angular momenta
yield, respectively, the equation of motion

pa = divT 17)

and the symmetry of T.

The equation of motion (17) is in Eulerian form as a and T are spatial fields and the divergence operator div contains partial
derivatives with respect to the spatial coordinates x;, x, and x3. In what follows, we find it more convenient to write the equations
of motion in Lagrangian form in which all the terms are material vector fields. Then, introduced the first Piola—Kirchhoff stress
tensor

P=Jyr,FT, 18)

and denoted Div the divergence operator expressed in terms of the partial derivatives with respect to the material coordinates X,
X, and X,, the equation of motion in Lagrangian form reads

2

0y .
poﬁ = DivP. 19

Hereinafter, to make the analysis as simple as possible, we shall limit our analysis to homogeneous bodies for which p,, is constant.

2.1. A model for the Cauchy stress tensor

We now propose a model for the Cauchy stress tensor that accounts for the effects due to powerless internal actions in a
compressible isotropic hyperelastic solid. For simplicity, we divide the Cauchy stress tensor into the sum of two independent
contributions: a purely elastic part Ty = T g(B) associated with an elastic potential energy, and a powerless part T, = IA“O(A 1-A)
orthogonal to the strain-rate tensor. In other words, based on the results of Edelen (Edelen, 1973, 1974, 1977), we assume that the
Cauchy stress tensor is of the form

T=T;+T, (20)

where Ty - D = pé, e is the specific elastic potential energy, and T, - D = 0.

Within the theory of isotropic hyperelastic solids, the elastic part T is derived from the strain energy density per unit
undeformed volume W = W(I,, I,, I5) (related to the specific elastic potential through the identity e = W/p, Saccomandi & Vergori,
2024) by the relation

12y B -2\

—1/2 -
Ty =21, (LW, + I;W3) I +21 s

wW,B, (21)

where, henceforth, the subscript i = 1,2,3 appended to the strain energy density denotes differentiation of W with respect to the
invariant I; (Ogden, 1984).

Since energy can be defined up to an additive constant, for convenience, we take the strain energy density as zero in the
reference configuration. In addition, excluding situations in which residual stresses are non-negligible, we assume that the reference
configuration is stress-free. These two facts lead to the restrictions

W=0 and W, +2W,+ W, =0, (22)

where, henceforth, the bars placed over the strain energy function W and its partial derivatives indicate that the quantities
underneath are evaluated at the reference configuration (for which I = I, =3 and I3 = 1).

As the powerless part of the Cauchy stress is concerned, within the theory of simple materials of second grade, Saccommandi
and Vergori (Saccomandi & Vergori, 2024) proved that material description of T, is of the form

To = Py (81, 6,,83) (261 — 6, A)) (23)
where the response function y has physical dimensions [L?], and

trA trA trA?
S,=—L, 6,=-—2 and & =—0"
2 2 : 4

are invariants of the first two Rivlin—-Ericksen tensors.

(24

For incompressible materials, the powerless part of the Cauchy stress (23) does not occur because of the incompressibility
constraint §; = 0 and the necessity to introduce a reactive part of the Cauchy stress of the form T — pI, with the arbitrary scalar
field p being a Lagrange multiplier. In simple terms, for incompressible materials, the powerless part T, is absorbed by the arbitrary
reactive part T'¢.
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3. Linear, weakly nonlinear and fully nonlinear models for the strain energy function

Under the assumption of smallness of the components of the displacement gradient H, that is

= |H;(X, 0| < 1, (25)
ij= 123(Xt)€B><OT)

it can be proven that, to the leading order, the Maclaurin expansion of the strain energy function W expressed in terms of the
invariants J’s of the Green-Lagrange strain tensor through the connections (5) gives the strain energy function in the linearized
theory of elasticity

W g2 g+ 0@, (26)

with the Lamé moduli 4 and y being related to the derivatives of W evaluated at the reference configuration according to equations
(101a) and (101b) in Saccomandi and Vergori (2021). One can prove that, for the undeformed configuration to be a local minimum
of (26), it is necessary and sufficient that

u>0 and 3A+2u>0. (27)

For small but finite deformations, the Maclaurin expansion of W up to and including terms of order O(e*) yields the strain energy
function within the fourth-order theory of elasticity

W ATt udy+ ST+ BITy+ ST7+ EQTy+ FIRTy+ G2 + HI} +0(), (28)

where the third- and fourth-order Landau constants A, B, C, E, F, G and H are as in equations (101c)-(101i) in Saccomandi and
Vergori (2021).

For large deformations, the choice of the functional form of the strain energy that guarantees reasonable material behavior
(the hauptproblem in nonlinear elasticity as Truesdell (Truesdell, 1956) defined it) opened a debate that is still open. We refer the
reader to Saccomandi, Vergori, and Zanetti (2022) for a detailed discussion of this point. This explains why there are a number of
mathematical models for the strain energy function of isotropic elastic solids. The only way to choose a suitable functional form of
W consists in testing the theoretical predictions against experimental data. Since our study is purely theoretical, in the subsequent
sections, just for illustration of our results, we will make use of the following model proposed by Cantournet et al. (2014) for carbon
black-reinforced natural rubber:

W = Cio(;' 1y = 3) + Coy (1577 1y = 3) + Coo(1; 1, = 372 (29a)
K
K- -1
+ 2 ( 3 nl; ) s
where
Cio=0.15MPa, C, =02MPa, Cy =0.0235MPa, & =750 MPa. (29b)

4. Powerless dispersion tensor within the fourth-order theory of elasticity

In this section we derive the approximation for the powerless dispersion tensor that is valid at small strains, strain rates and
rates of change of the strain rate.

To this aim, introduced the maximum modulus of the displacement field and the speed of propagation of transverse waves within
the linearized theory of elasticity

= max JuX.n)| and o =,/&, (30)
(X.NEB,X[0,T] 2

respectively, we assume that

(0] (L max max |H,-j(X,t)|> = 0(e) (31a)
cr i,j=123(X,NeB,X[0,T)
and

0 ( L A, (X,r>|> = 0), (31b)

2 jj= 123(Xt)€)3><0T)

with ¢ as in (25).
Next, from (10), (13a) and (14) we deduce that to the leading order, the first two Rivlin-Ericksen tensors read

2

- A C
Ay =2E+0() and 4, =2E+ F0(e). (32)
whence
15 <
2o LuEvo(e), (33a)
‘r Cr
——
=0(e)
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s, 2

? = gtrE +0 (&%) (33b)
——
= 0(e)
and
%5 2
= = LwErvo(e). (33¢)
‘r ‘r
——
=0(%)

Finally, from (8), (32) and (33) we can conclude that up to and including terms of the third order in ¢, the powerless dispersion
tensor (23) approximates as

Ty, = po [‘Ifo(l - J)+ w6+ W25z] (2651 -6, 4y) (34)
where
oy
wo =w(0,0,0) and y, = 5(0, 0,0) (k=1,2). (35)
k

The approximation (34) can be regarded as the powerless dispersion tensor within the fourth-order theory of elasticity, with
(35) representing dispersion moduli.

5. Wave equations

In what follows, we shall study the wave propagation in a compressible isotropic hyperelastic material in the presence of
powerless internal actions. In particular, we aim at analyzing the interaction between longitudinal and transverse waves. To this
aim, for simplicity, we consider the following class of motions

x=X+u(Z,t), y=Y +uv(Z,1), z=Z7Z+w(Z,1), (36)

where u(Z,t) and v(Z,1) are transverse displacements, and w(Z,t) represents the longitudinal displacement.
Using the subscript notation for differentiation, for this class of motions the invariants (4) and (24) read

L=y +v5 +(wy+1)2+2, (37a)
L=uwl+v,+2(wy +1)2+1, (37b)
L=(1+w,)?=J?

3= +wy)? =72 (37¢)
8 =Jwy,, (37d)
8y = T2, + vy, wh )+ T Wy, (37€)
83 = J 72, + v5) /2 + w, ], (37f)

and from (20), (21) and (23) the Piola—Kirchhoff stress tensor (18) has components

Py =0, + 0%, wy) + TR0, + vy wy) + 2Wy (I, I, IV, (38a)

=2 (2 2 2 -3
+p0u/(51,52,53)[.f (uZ’+th+2wZ,)+J uZuZ,wZ,],

Py = 070p0d W (81, 6y, 83 Uz, 7, — 2Ws (11, I, I3)uz], (38b)
Py =0 (% + v5, wuy — pod w(8),65,8)uzw 4, (380)
Py = uy[pod w(8y, 65, 83Uz, — 2Wo(I}, I, I3)v 4], (38d)
Py =0, + V%, wy) + T2, + V5 wy) + 2Wy (I, I, I (38e)

+ pgw (81,8, 83) [72 (u%, + 0%, +20%,) + T v 0w,

Py3 = Q1% + V%, w vz — pod (81,65, 804wz, (38f)
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Py = —J Q% + V%, wyuy

- pOJ_zl/I(51,52,53) [uZ,wZ, + J‘luZ (MZZI + UZZt)] s

2 2
Py, = —JQZ(MZ +v5, Wwz)Uy

- pOJ’Zw(5],52,§3) [UZ,wZ, + J’lvz (”221 + UZZ[)] s

Py = J[0(4% + V%, wy) + Oy + 0%, wy)]

+ 00 S W (51,85, )((u2 +05),
0,y ¥ v} w,y 2 2AW U, 1%5)+ Wy(Iy, I, I)],
where

and

0,(%, + V%, wy) =20W,(I}, I, I3) + Wi (I}, I, I3)1.

International Journal of Engineering Science 214 (2025) 104294

(38g)

(38h)

(381)

(38))

(38k)

Then, specializing the equation of motion (19) to the class of motions (36), we obtain the following system of partial differential

equations in the components of the displacement vector fields

aP3
Poltyy = oz
0Py
o =57
0P3;
Pt =57

(39

To ease the analysis of the system of governing equations (39), we find it more convenient to study the class of motions (36) in
terms of the complex transverse strain ¥ = U + iV = u, + iv, and the longitudinal strain W = w, = J — 1. In so doing, in view of

(37) the potential elastic energy per unit mass W reads

WA D) = o3 WP + T+ 2, 1% + 207 + 1,07,

and the equations of motion (39) become

y, = [2Q1(|’I’|2 W —J- w(51,52,53)ww]

622

W= 2 [B09 P )+ 5 w61, 00,019,

where

0¥ P = 22wk ). Gawi o) = 2w,
|lp| aoJ

and the invariants (37d)-(37f) can be rewritten as

S =J7'W,, & =J2(P PP+ WH+JIT'W, and 53 =077 (

5.1. Approximate equations within the fourth-order theory of elasticity

(40)

(41)

(42)

> . (43)

Within the fourth-order weakly nonlinear theory of elasticity, from (22) and equations (101) in Saccomandi and Vergori (2021)

the function W approximates as
2

—~ C
W0 = T+ Lw s w4 L
ﬁLT 2 93
_5,,4 212w+ Ztw
+ Lyt S 4
where
a=L_r W gy
pa(P?)
and
.
szaw(o,l):/1+2;4

L aJ? Po

(44a)

(44b)

(44c)
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are, respectively, the squares of the speeds of transverse and longitudinal waves within the linearized theory of elasticity, and, in
view of (27), satisfy the inequality

ci > —c-. (444)

The elastic moduli a;, &, &, frr and ¢; are instead rescaled combinations of the third- and fourth-order Landau constants as

0*W . A
ajr =2———O0,)=p-' (1+2u+=+B), (44e)
v s o' ( 347
1w (3
=5 S5O0 =0 <§A+3;4+A+3B+C>, (44f)
W 1A A
=2-9W _on=p"(2 24B+G), 44
tr =200 =4 (3+u+5+B+G) (44g)
i _()E’—W (44h)
e P
=, (2 Sas? 3
= o; (2+M+4A+2B+C+2E+F+ZG)
and
10*wW .
=-—2(0,1 44
¢ =g 2RO (44i)
=pg‘(§+;4+2A+6B+2C+4E+4F+4G+4H).

Based on the results in Sections 3 and 4, within the fourth-order theory of elasticity the governing equations (39) approximate
as

2
, = % [ P+ g PW + B W+ G| PP
ol =3 WIEW, =y VW2 = W W, |,

) (45)

0’ 2 ALT 12 2 2
= [P W L g P W g W W

Aol =3 WP+ 19, PW, + yl 9, PW, |

1

6. A class of global wave solutions

Let us consider transverse waves with constant amplitudes propagating in a uniformly contracted or expanded medium. We then
look for solutions in the form

¥ = Aexplid(Z,1)], J, =1+ W, = constant. (46)

Inserting this ansatz in (45), dividing by the complex exponential in the equation for the (complex) transverse strain and taking
its real and imaginary parts yield the following overdetermined system for the phase 0

02 =20,(A%,J,)6%,

0, = Zél(Az» J)bzz. 47)
2
()‘)7 [v (0, 427262, A21;262/2)] = 0.
It is easy to show that this system admits a solution if and only if 6(Z,1) = kZ — wt, with k and @ being constants such that
2 ~
% =20,(A% ). (48)

Thus, if the amplitude A and the volume strain W, are such that Q,(A, J,) is positive, and  and k are positive constants whose
ratio satisfies (48), then

¥, = Alcos(kZ —wt) £ isin(kZ —wt)], W =W,, (49)

are solutions of the governing equations (45). These solutions represent right-handed (¥,) or left-handed (¥_) circularly polarized
transverse waves of Carroll type that propagate with phase speed w/k = 1/20 1(A, J,) in a compressed (if J, € 10, 1[) or dilated (if
J, > 1) solid.

For solids made of carbon black-reinforced natural rubber whose strain energy function is in the form (29) it is easy to check
that 0,(A,J,) > 0 for all A >0 and J, > 0, and, for any fixed value of the ratio of the deformed volume to the undeformed volume,
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crk

Fig. 1. Dimensionless phase speeds of Carroll-type waves in carbon black-reinforced natural rubber.

the phase speed of the circularly polarized waves of the Carroll-type increases as the amplitude of the wave itself increases. As it is
reasonable to expect, the phase speed is higher in solids subjected to contraction than to expansion (see Fig. 1).

From (48) we readily deduce that the Carroll-type waves (49) are not affected by the powerless internal actions as they propagate
with the same speed as in the absence of a powerless contribution to the Cauchy stress tensor. However, as well as being in closed
form, these wave solutions are interesting from a purely mathematical point of view because they are global (both in time and in
space) solutions of the Cauchy problem for (45) under the initial conditions

¥Y(Z,0)= Alcos(kZ) £ isin(kZ)],
Y.(Z,0) = Aw[sin(kZ) Ficos(kZ)], (50)
W(Z,0)=W,, W(Z,0)=0,

with A, W,, k and o being positive constants such that Eq. (48) is satisfied.
7. Interaction between transverse and longitudinal waves

We now study the interaction between transverse and longitudinal waves. To make the analytical treatment feasible, we limit
our investigation to waves stimulated by an initial purely transverse excitation of small but finite amplitudes, and, in the framework
of the fourth order theory of elasticity, find an approximation of the solution by using the method of multiple scales.

Since for initial purely longitudinal excitations of small amplitudes the structure of the system of wave Egs. (41) allows solely
the propagation of longitudinal waves which are not affected by the powerless contribution to the stress tensor, we here limit our
analysis to waves stimulated by an initial purely transverse excitation.

7.1. Purely transverse initial excitation

To study the waves stimulated by a purely initial transverse excitation, we look for an approximate solution of the system of
equations (41), with @ = U + iV, under the initial conditions

U(Z,0)=€eUysin(kZ), V(Z,0)=W(Z,0)=0,
U(Z.0) = V/(Z.0) = W(Z.0) =0,

(51

where k and ¢ are positive constants, with 0 < £ < 1.

Since a standard perturbation analysis of Egs. (41) would yield approximations that are valid only at not very large times because
of the occurrence of secular terms, i.e. terms whose magnitude grows polynomially in time, we here prefer to use the method of
multiple scales. In the absence of the powerless contribution to the stress tensor, the standard perturbation analysis of the wave
Egs. (41), with y = 0, produces approximations that are valid up to times of order O(¢™!) because of the presence of terms that
grows linearly in time in the transverse strain Saccomandi and Vergori (2023).
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By following similar arguments as in Nayfeh and Mook (1995), we start by introducing the new independent variables

t, =&™t, (52)

m
with m € N, by which it follows that the derivatives with respect to time become expansions in the small parameter ¢ as
+00 +0o0 m
0 m 0 0% m 0%
— = — and — =) ¢ — - (53)
ot 2 ot,, or? mz;;) kz;() 01,0t _y

In addition, we assume that the transverse and longitudinal strains can be represented by expansions of the form

+o0

Y(Z,t;e) = Z e"U(Z,tg, 1,1y, ... ) +iV,(Z, 1y, 11,15, ...)], (54a)
n=1
+o0

W(Z.t;e)= ) €"W,(Z.tg, 11,1y, ...). (54b)

n=1
Here, we are interested in determining approximate solutions within the fourth order theory of elasticity. This means that only
the dependence of the unknowns U,, V, and W, in (54) on the independent variables t,, ¢, and ¢, is needed. Substituting (53) and
(54) into (41) and (51) and collecting terms of the same order in ¢ yield a collection of initial value problems (IVPs) from which
we find the leading order approximation of the transverse and longitudinal waves stimulated by the initial excitation (51).
To order O(¢) we have the following IVP

22U, , 9%, 0 (55a)
— —c.— =0, a
a2 T oz?
PV L0
—Ll_ 21—y, 55b
o2 Toz? (55b)
32w, ,PW,

pealeler =0, (55¢)

0

with

U.(Z,0,0,0)=U,sinkZ, V(Z,0,0,0)=W;(Z,0,0,0)=0,

ou, v ow, (55d)
—(Z,0,0,0) = —(Z,0,0,0) = —(Z,0,0,0) = 0.
o1, o1, o1,
It is easy to check that the IVP (55) is solved by
U, = (F) coswrty + Fy sinwogpty)sinkZ, Vi =W; =0, (56)
where w; = key and F; = Fi(,,1,) (i = 1,2) are arbitrary functions such that
F1(0,00=U,, F50,0)=0. (57)
By taking into account (56), to order O(¢?) we obtain the IVP
*U, 0’U, oF, | oF, i
% - ;ﬁ = ZCUT (E sin thO - E Cos COT[()> sinkZ, (583)
7V, , 0%V,
—2_ 22—, (58b
a2 Toz? )
PWy LW, K2 2 2, 2
Eog=2= { oRuy+ e (F+ F) (58¢)
0
- (2@%1//0 —arr) [(Fl2 - F22) cos 2yt + 2F F, sin Ztho] } cos2kZ,
with
U,(Z,0,0,0) = V,(Z,0,0,0) = W,(Z,0,0,0) =0,
aUz(z 0,0,0) = aUl(z 0,0,0) = aF2(0 0)sinkZ
oy T Ty R = Ty s AL (584d)
v, oW,
—(Z,0,0,0) = —=(Z,0,0,0) = 0.
o1, o1,
Observe that the solution for U, has secular terms containing the factors
tocoswrtysinkZ and tysinwrtysinkZ (59)

10
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unless

0F"—0('—12)
ot =

Therefore, F, and F, must be independent of #,, that is, F, = F(t,) (i = 1,2) and such that
FO)y=U, F£©0)=0.

With (60) the solution of (58) is
Uy =V, =0,

k*Quowa. + apr)

2
L

(F2+ F}

w, ={ F3cos 2wty + Fysin2wm; t + g
1]

k2(2q/0w2 —ayr)
- 8(2—T2)LT [(F12 - F22) cos 2wyt + 2F| F, sin Ztho] cos2kZ
w7 — W
L=t

where w; = kc¢; and F, = F,(t;,t,) (k = 3,4) are arbitrary functions such that

KU R2wow]. + apr @k — 207)]

F5(0,0) = =TIUZ, F,0,0)=0.

8a)2L (a)2L - a).zr)
Observe that in view of (44d), the angular frequencies w; and ; satisfy the inequality

which prevents the occurrence of resonant phenomena.
With (62), to order O(e?) we have that

0*U 0*U. oF, . oF
—3_ c.% — = 2w —Lsin wrty — —2 cos wrty
atg 072 oty ot

+ a](Fl2 + Fzz)(Fl cos wrty + F, sinwyty)
— ay(F2 = 3F})F, cos 3wpty — ay3F} — F})F, sin3wrt, ] sinkZ

+ [ 9a3(F2 — 3F})F, cos 3wyt + 9a3(3F2 — F2)F, sin 3wyt
— 9a,(F2 + F2)(F, cos wpty + F, sinwyty) ] sin3kZ

+ { [ (apr F Fy = 2yyorw; F, Fy) cos gt

+ (a7 B F3 + 2yyoro; Fi Fy) sinort, ] cos2w; 1,

+ [ (ap7F) Fy + 2pyorw; F, F3) cos gt

+ (ap 1 F) Fy — 2yoro; Fy F3) sinort, ] sin2w; t, }
« sinkZ —9sin3kZ

2 )
2 2
9 _ 29,
a2 Toz2 7
oWy LW oF; 0F,
-y =4w; | —= sin2w;t) — — cos 2w 1,
azg 0Z2 ot ot
where
K2 [ kz(ZWOw% — aLT)2 kzaLT(Zwoa)% +a;r)
“=T6 2 _ 2 2 I
16 L 2wy — w3) o]
a, =ay+ ékng,
-8
[ 120402t 2
. _kz k(41//0a)T—aLT)+é’2 " —a +k2§
== | ) 4 =az+ —¢r,
16 ] 22 -0?) T 8

11

(60)

(61)

(62a)

(62b)

(63)

(64

(65a)

(65b)

(65¢)

(65d)

(65e)

(650)
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and
U3(Z,0,0,0) = V3(Z,0,0,0) = W3(Z,0,0,0) =0,
U, oF, .
—(Z,0,0,0) = ——=(0,0,0)sink Z,
ot or,

V. (658)
—3(2,0,0,0)=0, 8
ot

oW, oW, oF,
—(Z,0,0,0)= ———=(Z,0,0,0) = ———(0,0) cos 2k Z.
ot oty oty
From (65) we deduce that V; = 0, while the solutions for U; and W; have secular terms containing factors proportional to (59)
and to
tocos2wytgcos2kZ and tsin2w;t,cos2kZ, (66)

respectively, unless

ZG’TTTF; +a,(F} + FHF, =0, (67a)
207 % —ay(F} + F))F, =0, (67b)
and
o =34, (68)
or,
Solving (67) under the initial conditions (61) yields
) BNO) . w _ 9l
Fy =Ujcosw; 1, and F,=Ujsinw,1.t,, with o, = 2op (69)

On the other hand, in view of (68) the solution for W; vanishes identically, and combining (68) with (63) implies that the arbitrary
functions F; = I:‘j(tz) (j = 3,4) satisfy the initial conditions
F0)=TU? and F,0)=0. (70)

From the analysis above, (56) and (69) we find that a single transverse wave in the same direction as the initial excitation is
produced and, to the leading order, this is

U(Z.1:6) = eUyeos | (0 = €0} ) 1] sinkZ + O, 71)

This approximate solution represents a standing wave resulting from the interaction of two waves with the same amplitude U, /2
traveling in opposite directions with the same speed

2.1

W — €
V= % (72)
Uy [ @uok?el —arp)?  aprQuok?el +apr)
=cr— + -9¢r
32¢r 2(012_ - c%) ci

From (72) it is evident that the speed of propagation of the traveling waves whose interaction yields (71) depends on both
the wavelength k and amplitude U, of the initial excitation. As an immediate consequence of this, we can conclude that both
nonlinearity and powerless internal actions cause wave dispersion.

To determine the leading order approximation of the longitudinal wave we have to proceed our analysis to the next order. To
order O(¢*), the equation for W, reads

PW, LW,
-
az(z) 072

=2 { [ 124y 2 + 3y)od F2Fy — 20ty 0ty F2F, 73)
25 2 dF,
PP I~ 20, ] cos20.10
2
+ [ 124y 2 + 3yg)d F2F, + 2y 0k, F2F

24 dF 7
k™Brr F; FA+2mLF sin2wytq p cos2kZ + -,
2

where F| and F, are as in (69) and, for brevity, only the terms that lead to secular terms in W, are reported. Thus, secular terms
proportional to those in (66) do not occur in the solution for W} if and only if

dF,
2w F“ — K24y @? + 3yg)wd F2Fy + 2%y o) F2Fy + KX F2Fy =0 (742)
2

12
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and

dF.
20, de + k(407 + 3yg)wr FEF, + 2k y whoy FIFy — k2B F Fy = 0. (74b)

Solving the ordinary differential equations (74) under the initial conditions (70) yields

) o sin Za)(Ll)th o) ) sin Zw(Ll;tz
Fy=TUgjexp |—wp" | 1+ ZT cos 2| w 1t + @) g ZT s (75a)
@7 @
: (1) : (1)
sin 2w, .t sin 2w, .t
2 1 LT 2 . 2 3 LT'2
F4 = FUO exp |:—w;) <12 + 27)] sin |:2 <a)(L;. 1) + a)(L; ZT>:| s (75b)
@7 Dy
where
K2y 2 U?
1) _ 1%7%0
wp = —— (75c¢)
K2U?
o) = — (@40} +3yor - frrl, 75d)
8wy
and
KU2p
3 _ . ® oPLT
Oy =97 do, (75e)
Finally, from (62b) and (75a) we deduce that, to the leading order, the longitudinal strain is
sin2e20)t
W(Z,t;e) = erg { T exp [—w(Tl) <22t + 7” (76)
ZwLT
sin2e20) ¢ K2 Quyw? + ay )
X cos |2 th—szco(Lz)Tt—me). LT + O T LT
20"V 8w?
LT L

k2(21//0ou$~ —arr)

8(a)2L - (o%.)
This approximate solution represents a standing wave which, differently from the transverse wave (71), does not result from the
interaction between waves traveling in opposite directions. From (76) we deduce also that if the dispersion modulus y, is negative
(which implies that w(Tl) < 0), then the amplitude of the standing wave (76) grows fast at large enough times, whence the multiple

cos [2 (wT - e%o%}) t] cos2kZ + 0(54).

scale analysis performed here is valid up to times of order O (1 /(€2 |w;}) |)). This shows that powerless internal forces may amplify the

amplitude of the longitudinal wave induced by an initial transverse excitation. If y, > 0 (so that a)(Tl) > 0), then the amplitude of the
standing wave (76) is bounded at all times and tends exponentially (in time) to a constant value. Observe that if y, is negative, then
the longitudinal wave (76) can be viewed as the interaction of a breather (the term in (76) that decays exponentially in time) and
two counter-propagating traveling waves. However, we conclude that for non-negative values of v, the approximations obtained
here are valid up to times of O(1/(e3wr)).

It is worth noting that should the transverse and longitudinal waves produced by a small transverse initial excitation be detected,
and the speed of propagation of the induced transverse wave and the peaks W, and W,;, of the induced longitudinal wave be
measured at a given point, then from (72) and (76) we could obtain a system of three equations by which we could determine the
values of the dispersion parameters y, (k =0,1,2).

8. Traveling wave solutions within the fourth order theory of elasticity
In this section we search for exact wave solutions within the fourth-order theory of elasticity under the assumption that the

effects due to the powerless internal actions are small to only play a role at order O(e?) (c.f. (25)). This implies that Oy, /I?) = O(e)
for all k =0, 1,2,3. With this assumption Egs. (45) reduce to

2
¥, = 667 [CT25U +ap VW B P W2+ PP - W()Ttu/t]’
(77)
0* a
W= oo W ZEL10P 4 pyrlW P W 6 W2 + G W+ w92
In looking for waves traveling in the Z-direction with speed v we introduce the ansatz
Y=%Y(s) and W =W(s), with s=2Z—uot, (78)
into (77) to obtain
d2
Q{ lawr W+ Brr W2 + & lW P = @2 = )] ¥ = woo?P' W | =0,
(79)
d? @
5 {(% + ﬁLTW) W2+ [E W+ W2 — 0P = D) W+ w0v2|¥”|2} =0,

13
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where the prime denotes differentiation with respect to s.
Integrating (79) twice yields

[ W + B W2 + G| 12 = (0% = D) ¥ — wo®P' W' =05 + 0, 0
a
(% +ﬂLTW> W2+ [E W+ W2 — (02 = D W+ yg ¥ = g5 + 6o

where v, v;, ¢, and ¢, are integration constants. Here, we are interested in solutions that are periodic or finite in the limit as s
tends to infinity. Therefore, we take v; = ¢; = 0. In addition, for the undeformed configuration to be an equilibrium configuration,
namely Egs. (80) are satisfied when the transverse and longitudinal strains vanish identically, also v, and ¢, must vanish.

Next, we insert the Euler representation for the complex strain

¥ (s) = £2(s) explif(s)] (81)
into (80), factor out the exponential, separate the real and imaginary parts and obtain
BrrW?+apr W — (0 — )2+ (2 -y’ QW' =0,
QOW' =0, (82)
(“LTT F P W) @+ (W +EW = (P = DIW + (@7 + 2207) = 0.

Obviously, the second equation in (82) is satisfied if (a) 2 = 0, or (b) W’ =0, or (c) ' = 0. One can readily prove that if the
amplitude of the complex strain vanishes, then no traveling wave can propagate. Instead, if the volume strain is constant, then only
Carroll-type wave solutions as those analyzed in Section 6 exist. Therefore, the only case worth to be investigated is the one in
which the argument of the complex strain is constant. From a physical point of view, this means that should traveling transverse
waves exist, they would be linearly polarized. With 6’ = 0, Egs. (82) reduce to

BrrW? +app W — (0% — 2R+ 2% — gy’ QW' =0,
arr 2 2 2_ 2 2072 — (83)
(T P W ) @+ W +E W = (0P = DIW +y? Q7 = 0.

Observe that in the absence of a powerless contribution to the stress tensor (i.e. y = 0), Egs. (83) form an algebraic system and
thus no traveling wave solution of (77) exists.
Multiplying the first equation in (79) by £’, the second one by W’ and summing term by term yield the first integral

G+ 2f W)+ g(W) =€, (84a)
where

FWV) = B W2+ aps W — (02 — er2), (84b)

W)= W+ T WP 207 - e P 840)

and € is an integration constant. Again, for the undeformed configuration to be an equilibrium configuration, the integration constant
£ must vanish.
Should A(W) = f2(W) — {;yg(W) be non-negative, Eq. (84) would admit the real roots

9 = —fW) £\ 2W) = Erg(W)
+ gT

Clearly, it makes sense to consider only positive roots for Q2.
Next, providing that .#, (W) and/or .Z_(W) are positive, we can express W2 in terms of the longitudinal strain W. Indeed,
multiplying the first equation in (83) by £ and making use of (85) we obtain

, 2 TL(W)
w'’? = il//gvz W\/A(W) =
—Ew)

From this equation one deduces that accounting for powerless contributions to the Cauchy stress tensor might allow the existence
of traveling wave solutions. Depending on the values of the material parameters (44b)-(44i) and the speed of propagation v, the
functions ¢, (W) and/or ¢4_(W) may be positive in a finite sub-interval of ] — 1, +oo[ and have zeros with multiplicity greater or
equal to one. Depending on the multiplicity of the zeros, a qualitative analysis may reveal the existence of kink, solitary or periodic
wave solutions.

= F,(W). (85)

g .(W). (86)

8.1. Periodic waves in carbon black-reinforced natural rubber
Since performing a qualitative study of Eqgs. (84) and (86) is very complicated in the general case because of the presence of
several material constants, for simplicity, we here limit our attention to a special material: the carbon black-reinforced natural

rubber whose strain energy density is modeled by the response function (29).

14
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Within the weakly nonlinear theory of elasticity of the fourth order, the strain energy (29) approximates as (44), with
er =2523m/s, c¢; =82624m/s, a;r=—6.67-10>m?/s?,
£ =-342-100m?/s?, ¢ =85.45m?/s?, (87)
Prr =831-102m?/s?, ¢, =3.43-10°m?/s>.

The values of these elastic moduli have been determined from (29) and (44b) to (44i), considering that the mass density p, of the
samples of carbon black-reinforced natural rubber used by Cantournet et al. (2014) to determine the best fit parameters in (29) is
1.1-10% kg/m>.

From Egs. (85) and (86), with the elastic moduli as in (87), one can check that only supersonic traveling waves (i.e., waves
whose speed of propagation v exceeds in modulus the speed of propagation of transverse waves in the linear regime c;) are
allowed. Depending on the sign of the dispersion parameter y,, the supersonic traveling waves allowed are accompanied by volume
contraction or expansion. Specifically, we distinguish the following two cases (Fig. 2).

If y; > 0 and v > 072., then there exists Wy € 1 — 1,0[ such that ¢_ is positive in ]Wy,0[, with W and 0 being simple zeros
of ¢4_. Thus, a qualitative analysis of (86) reveals that the longitudinal wave is periodic and given by

Hl<ﬂ—2m<s> if 2% ¢ @n - iy, 2nkg],

lwol \/|V/o|

W = (88a)

. s =S . s =5

H 2nkg — if € [2nkg, 2n + Dkgl,
Viwol Vlwol
where
0 dg
H:we[Ws0-— € [-«xg,0], (88b)
@ \/Y_(¢)
0

r de (88¢)

8T ol Ws \/%_(g)’

n € Z and s is an integration constant.
On the other hand, in view of (85), the modulus of the complex transverse strain is in the form

Q=\Z_ (W), (89)

with W as in (88a).
If wy < 0 and 0% > c%, then there exists Wy > 0 such that ¢_/y, is positive in 10, W[, with 0 and W being simple zeros of

¢_. Consequently, a standard qualitative analysis of (86) shows that the longitudinal wave is periodic and given by

c! <SI_SO_2m<E> if 220 & Dnkg. @n+ Drgl,
Y

ol VIwol

W = (90a)
£ <2an - S_s") if 220 e [@n - Dip, 2nxg],
Viwol wol
where
L:wel0,W]— /n7 d—g € [0,xg], (90b)
0 VIY_ (9l
o M d¢ (90c)

Tl VEeor

and, as before, n € Z and s, is an integration constant.
Again, from (85) the modulus of the complex transverse strain is given by (89) with W as in (90a).

In any other case different from those reported above, no solution of (86) represents a physically admissible traveling wave.

In Fig. 2 it is evident that irrespective of the sign of the dispersion parameter v, both W and W}, tend to zero as v*> — c%. This
deduction combined with (88a), (90a) and (89) implies that the waveforms of longitudinal and transverse waves tend uniformly to
zero. Thus, sonic traveling waves (whose speed of propagation is equal to ¢;) do not propagate in carbon black-reinforced natural
rubber.

Summarizing, if y, is positive (respectively, if y, is negative), the longitudinal traveling wave solution (88a) (respectively, (90a))
is smooth and oscillates between two equilibria: the undeformed configuration and a shrunk (respectively, expanded) configuration
corresponding to W = Wy € 1 — 1,0[ (respectively, W = W > 0). The modulus of the transverse wave (89) fails to be continuously
differentiable at its maximum points (Fig. 3). In fact, at the peaks of the transverse wave £’ has a jump discontinuity with magnitude
equal to

|

1
wov3{r

d d.
<2f<Wk>—f<Wk) —gﬁwk))

aw ’ L
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[vl/er

Ws = Ws( Wi = Wg(|v|/cr)

vl/er)

0.5¢

-0.3 -0.1 0 0.1 0.3

Fig. 2. Regions in the W |v|/cy-plane in which traveling waves with periodic waveform can propagate in carbon black-reinforced natural rubber. The cyan
region is in correspondence with negative values of the dispersion parameter y,, the gray one with positive values of y,. The blue, red and (vertical) black
curves are the zero loci of ¥_.

where k = S or k = E depending on whether the longitudinal wave oscillates between the undeformed and a shrunk configurations
or between the undeformed and an expanded configurations. From a mathematical point of view, this means that the wave solutions
determined in this section represent generalized solutions of (77).

The longitudinal and transverse waves oscillate with the same wavelength

Ag = kgy/wy (respectively, Ap = kg |wl). 92)

These formulas can be used to determine the value of the material parameter y,. In fact, should periodic longitudinal waves be
detected in carbon black-reinforced natural rubber and their wavelengths be measured, then y; could be calculated from (92).
More precisely, y, would be positive if the longitudinal wave oscillated between the undeformed and a shrunk configurations. It
would be negative if the longitudinal wave oscillated between the undeformed and an expanded configurations.

Finally, we point out that the dimensionless wavelengths (kg or k) and the amplitudes of the longitudinal and transverse waves
depend on the speed of propagation of the waves themselves as displayed in Fig. 4.

9. Concluding remarks

In this paper, we have analyzed the propagation of longitudinal and transverse waves in compressible hyperelastic solids when
powerless internal forces (which have thus far been ignored) are taken into account. Starting from the most general model for the
strain energy density of an isotropic hyperelastic material and the most general model for the powerless part of the stress tensor
within the framework of simple materials of the second grade, we have derived the equations of motion in the fully nonlinear setting
and found some exact solutions. Within the weakly non linear theory of elasticity of the fourth order, we have instead determined
some approximate solutions.

In particular, we have shown that powerless internal forces do not affect the propagation of transverse waves in solids subjected
to a uniform contraction or expansion.

Despite the complexity of the governing equations in the fully nonlinear regime, we analyzed the interaction between the
transverse and longitudinal waves excited by a small but finite purely transverse initial excitation by using the method of multiple
scales. This method is preferable to the standard perturbation analysis as it prevents the occurrence of secular terms. From this
analysis it emerges that the powerless internal forces play a role in the intricate mechanism of interaction between longitudinal and
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Fig. 3. Profiles of longitudinal and transverse waves that may propagate in carbon black-reinforced natural rubber in the presence of powerless contributions
to the stress tensor. Here, for illustration, we have taken the speed of propagation v = 2¢; = 50.46 m/s.

transverse waves as, in conjunction with nonlinearity, it causes wave dispersion and, for some values of the dispersion parameters,
may amplify the amplitude of the longitudinal wave produced by an initial purely transverse excitation.

Within the fourth order weakly nonlinear theory of elasticity, we have investigated the existence of traveling wave solutions,
and proven their existence when a powerless part of the stress tensor is included in the constitutive assumptions on the mechanical
response of the material. On the contrary, in the absence of contributions due to the powerless internal forces to the stress tensor,
traveling wave cannot propagate in a compressible hyperelastic solid (c.f. (83)). For illustration, for carbon black-reinforced natural
rubber whose strain energy is modeled as in (29) we have shown the existence of small amplitude periodic longitudinal and
transverse waves which propagate with the same wavelength.
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Fig. 4. Amplitudes and dimensionless wavelengths of the longitudinal and transverse waves vs the dimensionless speed of propagation |v|/cr.
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